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GENERALIZED GEOMETRY

ALGEBROIDS

Leibniz algebroid: (E,p,[-,-]),
E 5 M, p e Hom(E, TM) “anchor”, [-,-] : T(E) x T(E) — [(E)

Q [e[¢,€"]] = [[e, €], €] +[¢,[e €]

e e,e' el (E)
Q [efe] = (p(e)f)e +1le, €],

fe C~(M)
Lie algebroids: Leibniz algebroids with skew-symmetric brackets

— 3dg:Q*(E) = Q*1(E)

Courant algebroid: (E,p,[-,-],{-,-)), Leibniz algebroid

(-,) :T(E)xT(E) — C*(M) “pairing” or gg,

Q p(e)(e.€") = (e, €], €") + (¢ [e€]) = Lege=0
Q ([e.el.€) = }p(€) (e e).
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GENERALIZED GEOMETRY

BRACKETS

E exact Courant algebroid: 0 — T*M i> EL M 0,
ji=9gg opT, Imj=kerp,
(Severa) unique (up to an isomorphism) classification via [H] € Hz(M,R):
3 isotropic splitting s: TM — E, (s(X),s(Y)) =0s.t.:
[s(X) +(S).s(Y) +j(m)]e = s([X, YlLie) +J(£Lxn — iydE — H(X, Y, "))
= (E.p.[']e. (. )E) = (TM& T*M,prog. [ 15, (.- tha 7em)-

1
B

closed

Twisting: if He Q3,___ (M), B Q?(M),exp(B) = ( ?) € 0(d,d):

— [exp(B)e.exp(B)e]f = exp(B) ([e. 613 7P)

ixiyH(Z) = ([s(X),s(Y)],s(2))

@ Dorfman bracket: VWeTMae T*M
[V.W]p :=[X, Y]rie +-Zxn — iyd&. V=X+¢&
e Courant bracket: [V,W]g := 3 ([V,W]g —[W,V]g) W = Y+n
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GENERALIZED GEOMETRY I) APPROACH: (EXTENDED) RIEMANNIAN GEOMETRY

(I APPROACH:) GENERALIZED METRIC G,

for T € End(E), 72 = 1 (involution),
G:(V,W):=(V,t(W))

Theorem: if E vector bundle with fiber-wise metric {-,-) g of constant signature
(p,q), = def. of G; is equivalent to def. of positive C, C E of rank p

Theorem: if L, L* isotropic subbundles of E, E = L& L*, with{-,-) of
signature (n,n) = G is equivalent to unique g € T(S?L*) and B € Q?(L)

_Bg'B Bg! -
Grz<g_gg13 gﬂ > forL=TM,L* = T*M
G € O(d,d)/(0O(d) x O(d))

for a more general reduction: @ C.NT*M=0

O(t,s) > O(p,q) x O(t—p,s—q) o 1kC, =kE —dimM
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GENERALIZED GEOMETRY I) APPROACH: (EXTENDED) RIEMANNIAN GEOMETRY

(I APPROACH:) BISMUT CONNECTION V9

in extended tangent space:
@ V Courant connection if V¢ (fe') = fVe€ + p(e)(f)€ and
(Ve€,€") +(€/,Vee") = p(e) ((€,€"))
@ torsion Ty € J3 e.g. Ty(e,€,€"):= (Vo€ —Vge—|e€],e)+ (Vaee)
@ extended Riemann tensor, if F?(O)(k’ k,e €):=(R(e, &)k, k'),
Ry (K k. e €)= 1{ V(K k,e,¢/)+ RO (€', e,k,K') + (Ve, €,€') -<kak,k’>}

one amongst the possible generalizations of the std Levi-Civita connection
(arXiv:1512.08522, Jurco, Vysoky):

co _ (Vie+Ea H(g (&) ) —39'H(X,g7'(%),)
Vx ( 6—%H(Xm) VLC+ sH (9~ (é)g‘(*),-)>
Ricgo(e,€) := Reo(€*,€,6;,€), RS, :=Ricgo(G'(€4),e),
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1II) APPROACH: GRADED SYMPLECTIC SUPERMANIFOLDS
(IT APPROACH:) RECAP OF GRADED GEOMETRY

(Z-)graded vector space A: A= djcz Aj, over a field k of characteristic zero
<= graded Poisson algebra of degree n, {-,-} of degree —n, - zero-graded
commutative product:

e {a,b} = —(—1)a+n(bl+np g1
e {a{b,c}}={{ab},c}+(—1)la+n(bl+nig (p c}} |-| := degree
e {a,b-c}={ab}-c+(—1)blla+Mp. {5 c}

Graded manifold M: its local coordinates have a degree ||

Graded vector bundle £ % M : coords {x} of deg 0 for M, coords {v} of deg
nfor E = its algebra of sections respects the grading
“coords even (in parity) have even degree, odd ones have odd degree” <

“N-manifold”
when 3Q € I(TM), of degree 1, s.t. [Q, Q] =2Q? =0, = “NQ-manifold”

to this setup, add a sympletic structure, i.e. a closed non-degenerate 2-form Q
of degree n, “Hamiltonian”
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GENERALIZED GEOMETRY 1I) APPROACH: GRADED SYMPLECTIC SUPERMANIFOLDS

(IT APPROACH:) POISSON GRADED MANIFOLDS & COURANT ALGEBROIDS

Theorem: Symplectic N-manifolds of degree 2 are 1:1 with pseudo-Euclidean
vector bundles [Roytenberg, arXiv:imath/0203110v1]

(M, Q) with n= 2 has homological vector field Q given by © of degree 3,
{©,6} =0,

Q:=1{0,}

COURANT ALGEBROIDS SUPPORT GRADING

Theorem: symplectic NQ-manifolds of degree 2 are 1 : 1 with Courant
algebroids,

in particular, (T*[2] T[1]M, prmy, [, -]p, (-,-)) is a Courant algebroid

Derived brackets : {{e.0},f} =p(e)-f
{{~,@},~} {{67@}76/} =: [e’ e/] Dorfman

{-,-} is of degree -2, hence even
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(g‘u\uB“y.(ﬂj FIELDS IN STRING THEORY

(gm,, Buv, ¢) FIELDS IN STRING THEORY (WITH APPROACH II)

base manifold M, T*[2] T[1]M total space, {x,&,0,p}
s S0y TTHIMO T1IM) 5 VoW = Yigi 6l (- & i (1161), W = W, £9 dual
M[(T*2IM) 3 v,0 = @'p; W =TYXi+ni o= (Xi,0), W= s u

Poisson graded structure given by:

canonical Poisson brackets deformation
{g,1}=0 {e.f}=0
{pi.f} = oif {pi.f} = oif
{pi,€a} =0 - {pi.&a} = Vila
{8a,8p} =Nap {8,851 = Gap(x)
{pi,pj} =0 {pi.pj} =R =0

G:<2g1(x) 3>:(g(x>ls(x) (1)) <? <1)> <9(X)15<X> ?>

G corresponds to €98y, =y + (gi + Bir)0'

it is possible to canonically associate a cubic hamiltonian, ©, through the homological vector field
as Q={0,-},

0= Ep(8a)+ 5 CP (Mt

for p : E — TM anchor, C*Y 3-tensor ("fluxes”.
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(g‘uv.B‘”v.;ﬂj FIELDS IN STRING THEORY

(INTERMEDIATE) RESULTS

given that V) &s =W /'& = {p(8a), g}, W = 9(g+ B)

{{{V,0}, W}, U} = (Vy W, U) — (Vi V, U) + (Vy V. W) + C(V, W, U)
= ([V.W]'.U)

[V, W) = [p(V),p(W)]Lie + T(V, W)+ (V.V, W) + *fluxes”
=: [p(V),p(W)]Lie + (VV, W) + “fluxes”

(lV, W], U) is Koszul formula for g + B:

29(VxY.Z) = g(IX.Y],.2) - g([X.Z].Y) — Wopy = Wpay +Wyap =
9([Y,21,X) +dx (9(Y.2)+ B(Y,Z)) + —  2MB(ya)+Hapy

Iy (9(X,2)+B(X.2)) - dz(g(X.Y)+B(X.Y))

1

gravity sector of string theory for dilaton ¢ = 0 reconstructed from Ricci tensor Ry for
generalized T*[1]M & T[1]M, contracted with (g"V + B*V):

yo—st.thy = # f VOI(Q) (Ri 11*2H2>
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(9uv,Buv.9) FIELDS IN STRING THEORY

(INTERMEDIATE) RESULTS

To obtain the o-model for the full closed string sector (26-dim for bosonic
string, 10-dim for RNS-string), seek for deformations whose connection is
given by
LC.B 1 B 2 B
e’ taHs —a 7995/,

reconstruction of Z;_s 1y goes as before
4
L =e2 (R— 11—2H2 +4(8¢)2>

where the beta functions are:
ﬁﬁv +B[,LBV = vac - %HulsHvks +2vuav¢ - %Vl H)Luv + alq&HMLv
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3. FERMIONIC T-DUALITY

We argue that transformations (fermionic T-dualities) of string fluxes could be related to
a deformation of a Courant algebroid and its bracket.

765 — / 022 Bog (Y)26°36° + Low (Y) 96°9YM + Lygo (YYD YMI6° + Ly (V) YMIYN,

isometry 60 — 69+ ¢ = conservation in one direction (3 a killing spinor). Integrating
it out (by means of its e.0.m.s) one ends with the same type of theory IIA (or IIB) if the
F' R-R fields and the dilaton ¢ change according to

N
exp(¢')F' = exp(¢)F £32 (g @&)My
1T~

o' =0+ yTe(log M)’

1 and (f)
M~1 given by: €

0a(M1) = igvae, T it yat,, SO(2)-invariant Majorana-Weyl
a( )IJ MNals F 1ertaty spinor (same chirality)
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4. K-SYMMETRY

We argue that k-symmetry of RNS string theory could have a geometrical meaning in
the generalized geometry setup.

Spacetime supersymmetric Nambu-Goto string action:

!/

Ine1 == / 020 |/~ det[(da X — BATHIL0R) (35 Xy — BAT,0564)]
global supersymmetry: 6642 = gA2 XM = Tk 9A, with algebra [51,8,]0 =0,
[61 ,62])(” = 7251 r”SQ.

Equations of motion: P =0, § =0 = only half of the dofs of 6 are genuine.
= Pwzo= —m/drérnafe

is needed.

This preserves a hidden local symmetry called k-symmetry.

EUGENIA BOFFO (JACOBS UNIVERSITY BREMEN) GENERALIZED GEOMETRY IN GRAVITY FEBRUARY 21, 2018 16 /18



SUMMARY

@ generalized geometry: Courant algebroids for a “doubled” total space
TM @ T*M, usually extended Riemannian geometry is assigned;

@ 1:1 correspondance with graded symplectic manifolds of deg 2, endowed
with Q homological vector field, and © hamiltonian

e aim: a full derivation of closed strings in low-energy string theory « so far,
we have a connection, still a good deformation of the Poisson bracket, s.t. ¢
is included, is missed;

e aim: a study of the transformation of fluxes in supersymmetric string theory:
fermionic T-duality & x-symmetry
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TURE W( K-SYMMETRY

Thanks for your attention
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