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Deformation and Contraction of Symmetries
in Special Relativity
Lukas Brunkhorst
Taken on its own, the relativity postulate merely asserts
the existence of some set of kinematical symmetry transformations. In Einstein’s Special Relativity this is taken
to be the Poincaré group, but in its algebraic neighbourhood appear several others, among which the Galilei
group is only the most familiar one. All of them have
in common that they arise via Wigner-Inönü contraction
from either the de Sitter or anti de Sitter group, which are themselves the
unique Lie algebraic deformations of the Poincaré group.
In my thesis I describe the relations between the various groups geometrically,
namely in terms of their associated spacetime models. These differ from each
other in their local, light cone structure as well as in the notion of curvature.
While in Newtonian spacetimes the light cones open up to spatial hypersurfaces, they narrow down to the time axis in “ultra-relativistic” (Carrollian)
situations, both reflecting degeneracies in the metric. Curvature is found to
be purely time-like in the former case and entirely spatial in the latter.
For instance, the unique space of constant, positive Carrollian curvature (socalled Para-Euclidean space) is topologically S 3 × R and corresponds to a
kinematical Lie algebra isomorphic to so(4) n (R3 × R). It arises from the
associated Lie group by quotienting out rotations and boosts, the latter of
which reside here in the normal part of the semidirect product, together with
the translations in time. With one less spatial dimension, Para-Euclidean
space describes the geometry of the Schwarzschild horizon.
Carroll structures like this, and their Galilean (i.e. Newtonian) counterparts
formalize in a covariant manner the c → 0 and c → ∞ limit of Lorentzian
spacetimes, and appear naturally as light-like projections respectively embeddings from Lorentzian spacetimes in the direction of a covariantly constant vector field. In my dissertation I therefore argue that via Penrose limits
they are inherent to any Lorentzian spacetime in the neighbourhood of null
geodesics.
When changing the category from Lie groups to Hopf algebras, as is natural
in view of how the Poincaré group appears in fundamental physics, new possibilities for deformations appear, one of the most-studied examples of which
is the κ-Poincaré algebra. Hopf algebraic deformations like this are assumed
to describe the kinematics of some semi-classical limit of an otherwise yet
unknown quantum theory of gravity. Their characteristic feature is the appearance of non-linear relations between the generators. Instead of in terms
of curvature in spacetime (as in the Lie algebraic case), now the deformative
character is recognizable as curvature in momentum space. Surprisingly, for
the κ-Poincaré algebra momentum space takes the shape of de Sitter space,
which suggests an underlying de Sitter symmetry with κ-Poincaré kinematics only arising as its non-linear realization. My dissertation demonstrates
how questions like this can be pursued in a geometric and non-perturbative
manner.
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Generalized Geometry Approaches to Gravity
Fech Scen Khoo
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Publications
A. Chatzistavrakidis, F. S. Khoo,
D. Roest and P. Schupp, Tensor
Galileons and gravity, JHEP 1703,
070 (2017)
J. L. Blázquez-Salcedo, C. F.
B. Macedo, V. Cardoso, V. Ferrari, L. Gualtieri, F. S. Khoo,
J. Kunz and P. Pani, Perturbed
black holes in Einstein-dilatonGauss-Bonnet gravity: stability,
ringdown, and gravitational-wave
emission, Phys. Rev. D 94,
104024 (2016)

We employed the mathematical structures from generalized geometry and graded geometry to study aspects of
gravity. Focusing on the central object in generalized geometry, namely a Courant algebroid, we studied a consistent
deformation of this structure, using a nonsymmetric metric
which is a sum of Riemannian metric and a two-form. The
symmetric Riemannian metric is the fundamental building block in general
relativity, while basically two-form gauge field appears in supergravity besides that in generalized geometry it constitutes an O(D,D) symmetry. This
naturally leads us to the effective bosonic string action without the dilaton
field. We clarified in this way a route to a nonsymmetric metric gravity, where
the two-form field forms the contortion in this theory.
Similarly, we performed deformations on the main structure in graded geometry, that is, the graded Poisson bracket, while preserving the axioms in the
framework which contains a degree zero, two degree one and one degree two
objects. By introducing the Riemannian metric through deformations, the results appeared to contain richer information. We found a teleparallel gravity
description, which originated from the same type of deformation previously
done in the scope of generalized geometry. Apart from that, we also realized
consistently an explicit inclusion of the curvature tensor in the mathematical
framework.
Using two graded variables from the graded geometry, we reformulated the
known Galileon theory in a compact notation. Galileon theory was first
known as a higher derivative interacting scalar theory that gives only or up
to second order derivatives in the field equations. We generalized the theory
to mixed-symmetry tensor fields. The graded formulation was proven useful
to easierly implement the generalization to arbitrary number and species of
fields in the theory, and furthermore the gauge and global symmetries of the
theory. From the Galileon type action, we found linearised Lovelock gravity
by identifying the mixed-symmetry tensor (1,1) with the linearised gravity
field. In the curved spacetime, for the special case of (1,1) mixed-symmetry
field, to circumvent the third derivative problem in the field equations, we
introduced a compensating term in the action.

F. S. Khoo and Y. C. Ong, Lux
in obscuro: photon orbits of extremal black holes revisited, Class.
Quant. Grav. 33, 235002 (2016)

Moving on from studies on theories, we worked on the black hole solutions
of a modified gravity theory, the Einstein-Gauss-Bonnet-dilaton theory. It is a
theory which extends the Einstein-Hilbert action to include a kinetic term of
the dilaton field and a coupling term between the dilaton and Gauss-Bonnet
curvature invariant. We studied perturbations of the static and spherically
P. Jefremov and V. Perlick, Cirsymmetric black holes in this modified theory in the context of quasinorcular motion in NUT space-time,
mal mode. The highly involved field equations and subsequently the related
Class. Quant. Grav. 33, no. 24,
physical boundary conditions were analyzed using a software for symbolic
245014 (2016)
calculations. The quasinormal modes were then being searched numerically.
The black holes in this theory were found to be linearly mode stable against perturbations.
On the other hand, we studied stability of photon orbits in the black hole spacetimes in general relativity, by computing the effective potential experienced by a massless particle. We found that for a large class of static and spherically
symmetric extremal black holes in general relativity, the extremal horizon is a stable photon sphere. In the Doran
frame, the equatorial photon orbit on the horizon of an asymptotically flat extremal Kerr-Newman black hole is stable, if the angular momentum of the black hole is less than half of its mass. Stability of photon orbits serves as an
indication of instability of the respective spacetimes.
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(2017)
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C. Pfeifer, Curved spacetimes with
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Multi-Black-Hole Configurations as Models
for Inhomogeneous Cosmologies
Michael Fennen
The standard model of cosmology is based upon the cosmological principle stating that the Universe is homogeneous and isotropic on the largest scales. However,
on smaller scales, various structures immediately begin to emerge. The transition from an inhomogeneous
spacetime to the homogeneous and isotropic cosmological models is not sufficiently understood yet, that is, we
do not know how to properly smooth a spacetime.
In my thesis, I study the question if and in which sense a spacetime with an inhomogeneous matter resembles a cosmological spacetime. Therefore, I consider models in which matter is replaced by a discrete configuration of black
holes. A first approach is given by the Swiss-cheese models which a Friedmann dust universes in which spherically symmetric regions are replaced by
Schwarzschild spacetimes. If most of the dust is removed, we obtain an almost vacuum solution serving as a reference model for a genuine vacuum
solution. Since the full system of the field equations is too complicated to
find an exact time-dependent solution for the whole spacetime, I restrict myself to solutions to the initial value problem. Hence, I have to determine the
spatial metric and extrinsic curvature of a space-like hypersurface which cannot be chosen freely but have to satisfy some constraints. For the sake of an
analytical solution, I limit my attention to time-symmetric initial data characterized by the vanishing of the extrinsic curvature. In this case, we are able
to find a solution for an arbitrary number of Schwarzschild-like black holes
using the conformal method.
Clearly, it is not reasonable to assume that every configuration of black holes
leads to a spacetime which may be approximated well by a Friedmann solution. Such an approximation should be possible if the masses are distributed
somehow uniformly. In my thesis, I suggest a criterion which configurations
are Friedmann-like. Thereby, the scale factor of the fitted dust universe at the
moment of the maximal expansion is determined from the sum of all black
hole masses. In particular, I provide a new method based on Lie sphere geometry using tangent spheres in order to construct various configurations with
a high degree of uniformity in a surprisingly simple fashion.
Moreover, I provide a generalization to an approximative inhomogeneous
model given by Lindquist and Wheeler. This model can be used to determine
the parameters of the fitted Friedmann dust universe even if we do not know
the exact solution. Under certain conditions, this model becomes similar to a
Swiss-cheese model, allowing us to formulate first expectations on the time
evolution, which is otherwise mostly disregarded within the framework of
my thesis.
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