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Black holes
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Classically: Simplest objects in the universe
Mass

Angular momentum

Charge

Quantum mechanics: very complex objects 
Temperature,  Hawking radiation 

Entropy: S ~ A

Obey thermodynamic laws

(Bekenstein, Hawking, Unruh 70’)



Black hole thermodynamics

5

Entropy

Measure for disorder

Information about a system what we don’t know: counts micro states

Classical example: bathtub

Macroscopically: Temperature, Volume

Microscopically: number, position and momentum of water molecules

Entropy: S = k logW ⇡ N / V



Black hole thermodynamics
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Entropy

Measure for disorder

Information about a system what we don’t know: counts micro states

Classical example: bathtub

Macroscopically: Temperature, Volume

Microscopically: number, position and momentum of water molecules

Entropy: S = k logW ⇡ N / V

Black holes

Entropy: 

Holographic objects 

SBH =
A

4GN







The holographic principle
A true theory of quantum gravity must 

 live in one fewer dimension

(’t Hooft 1993, Susskind 1995)



What are the micro states?



String theory

10

Fundamental objects are one-dim strings

Supersymmetric theory

Requires 10 dim to be consistent 

Low energy limit: Supergravity



String theory
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Fundamental objects are one-dim strings

Supersymmetric theory

Requires 10 dim to be consistent 

Low energy limit: Supergravity

Black hole entropy
From string theory it follows:     

(Strominger, Vafa 1995)

SBH =
A

4GN



The gauge/gravity duality
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Realisation of the holographic principle
Type IIB string theory on AdS5 x S5  is dual to N = 4 supersymmetric Yang Mills 

theory living one the boundary of AdS5

(Maldacena 1997)



The gauge/gravity duality
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Anti-deSitter space
Maximal symmetric space with 
negative curvature: hyperbolic space 

Solution to Einsteins equation with 
negative cosmological constant

It has a boundary

M.C. Escher, Haven & Hell

Realisation of the holographic principle
Type IIB string theory on AdS5 x S5  is dual to N = 4 supersymmetric Yang Mills 

theory living one the boundary of AdS5



The gauge/gravity duality
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Duality
weak coupling

Supergravity

Perturb. SYM theory

strong coupling
strongly coupled SYM

Quantum gravity
dictionary

Realisation of the holographic principle
Type IIB string theory on AdS5 x S5  is dual to N = 4 supersymmetric Yang Mills 

theory living one the boundary of AdS5

L4

l4s
= 4⇡gsN = g2YMN = �



The gauge/gravity duality

The power of duality
opens a new way to study theories in the hardly accessible regime  

via the dual description



5th-dim

Classical gravity on AdS5  is dual to a strongly coupled field 
theory living on the boundary



Strongly coupled systems
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Quantum Chromodynamics
Theory of strong interactions

Confinement 

Asymptotic freedom

At hight temperature: phase 
transitions (cross over) to Quark 
Gluon Plasma

Condensed matter systems
Graphene

High temperature 
superconductors

Strange metals

Non fermi liquids



Quark Gluon Plasma
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Created in heavy ion collisions at 
RHIC and the LHC

Temp. ~ 1012 K

Lifetime. ~ 10-23 sec

Size  ~ 10-14 m

Behaves as a strongly coupled 
fluid 

Rapid thermalization

Thermalization process not well 
understood



Stages of a heavy ion collision 

Nontrivial  observation: hydro description of 
fireball evolution works extremely well 

Surprise from RHIC/LHC: Extremely fast 
equilibration into almost ideal fluid behaviour 
— hard to explain via weakly coupled 
quasiparticle picture 

How does the transition to viscous hydro 
happen?



Strategy
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Use SYM theory where  
the strongly coupled regime  

is accessible 



αQCD
s = αSYM

s

0 1 2 3 4 5 6 7
k!T

0.05

0.1

0.15

0.2

"
d!

Γ
!
dk
#
!
"

Α
EM
T3
#

FIG. 13: Comparison of leading-order photo-emission spectra for three-flavor massless QCD and N = 4 SYM
(for Nc = 3), when the gauge coupling has the same value, αs = 0.1, in both theories. The upper solid
curve shows the SYM result, while the lower dashed curve is the QCD result.

mQCD
D = mSYM
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FIG. 14: Comparison of leading-order photo-emission spectra for three-flavor massless QCD (dashed curve)
and N = 4 SYM (solid curve) at Nc = 3. Left: equal values of the Debye mass mD in both theories,
corresponding to αSYM = 0.025 in SYM and αs = 0.1 in QCD. Right: equal values of the asymptotic fermion
mass m∞, corresponding to αSYM = 0.011 in SYM and αs = 0.1 in QCD.

k >∼ 3T , while the SYM rate is larger at lower momenta (about 75% larger at k/T = 1). When the
two theories are compared at coinciding values of the asymptotic fermion mass m∞, as shown on
the right hand plot of Fig. 14, the resulting curves are remarkably similar, with the SYM spectrum
just a bit below the QCD result.

A major motivation of this work was the hope that one would be able to translate knowledge
of the photon production rate in strongly coupled SYM into a useful prediction for the rate in
strongly coupled QCD. This seems reasonably plausible given that (for comparable numbers of
charged quarks) the weak coupling photon spectra of the two theories are quite similar, as shown
in Fig. 14 — provided one scales the ’t Hooft coupling of SYM relative to that of QCD by a
factor somewhere in the range 4–9. However, it is not clear if the quark-gluon plasma produced in
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Strategy
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Similarities to QCD at finite T
SUSY is broken 

No confinement above Tc and chiral condensate 
melts away

QCD has a conformal window

Photon emission rates are similar at weak coupling

Advantage 
Both weak and strong coupling can be studied analytically 

Transport coefficients and time dependent quantities can be computed 

Photon emission (Huot et al 2006)



Probing the plasma
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Quantities of interest 
Stress energy tensor

Transport coefficients

Spectral function:  
 

Photon production rates

�µ
µ = �2Im(⇧ret)µµ(k0)

Photons as probe
Emitted at all stages of the collision 

Once produced they stream through the plasma almost unaltered 

Provide observational window into the thermalization process 



Strongly coupled thermalization
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Thermalization process of strongly coupled SYM theory is mapped to 
black hole formation in asymptotically anti-de Sitter space

Thermalization Black hole formation

=



Shear Viscosity from black holes
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⌘

s
=

1

4⇡

Shear viscosity for strongly coupled N = 4 SYM plasma 
from black holes

small

universal

difficult to compute by other means

close to experimental value

Policastro, Son, Starinets (2001)

shear viscosity 

entropy density



Thermalization at strong coupling
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FIG. 1: Energy density E/µ4 as a function of time v and
longitudinal coordinate z.

disjoint support. Although this is not exactly true for our
Gaussian profiles, the residual error in Einstein’s equa-
tions is negligible when the separation of the incoming
shocks is more than a few times the shock width.

To find the initial data relevant for our metric ansatz
(1), we solve (numerically) for the di↵eomorphism trans-
forming the single shock metric (8) from Fe↵erman-
Graham to Eddington-Finkelstein coordinates. In par-
ticular, we compute the anisotropy function B± for each
shock and sum the result, B = B

+

+ B�. We choose the
initial time v

0

so the incoming shocks are well separated
and the B± negligibly overlap above the apparent hori-
zon. The functions a

4

and f
2

may be found analytically,

a
4

= � 4

3

[h(v
0

+z)+h(v
0

�z)] , f
2

= h(v
0

+z)�h(v
0

�z).
(10)

A complication with this initial data is that the metric
functions A and F become very large deep in the bulk,
degrading convergence of their spectral representations.
To ameliorate the problem, we slightly modify the initial
data, subtracting from a

4

a small positive constant �.
This introduces a small background energy density in
the dual quantum theory. Increasing � causes the regions
with rapid variations in the metric to be pushed inside
the apparent horizon, out of the computational domain.

We chose a width w = 0.75/µ for our shocks. The
initial separation of the shocks is �z = 6.2/µ. We chose
� = 0.014 µ4, corresponding to a background energy den-
sity 50 times smaller than the peak energy density of the
shocks. We evolve the system for a total time equal to
the inverse of the temperature associated with the back-
ground energy density, T

bkgd

= 0.11 µ.

Results and discussion.— Figure 1 shows the energy
density E as a function of time v and longitudinal position
z. On the left, one sees two incoming shocks propagating
toward each other at the speed of light. After the colli-
sion, centered on v = 0, energy is deposited throughout
the region between the two receding energy density max-
ima. The energy density after the collision does not re-
semble the superposition of two unmodified shocks, sepa-
rating at the speed of light, plus small corrections. In par-
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FIG. 2: Energy flux S/µ4 as a function of time v and longi-
tudinal coordinate z.
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FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ. Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at
less than the speed of light. To elaborate on this point,
Figure 2 shows a contour plot of the energy flux S for
positive v and z. The dashed curve shows the location
of the maximum of the energy flux. The inverse slope
of this curve, equal to the outward speed of the maxi-
mum, is V = 0.86 at late times. The solid line shows the
point beyond which S/µ4 < 10�4, and has slope 1. Ev-
idently, the leading disturbance from the collision moves
outwards at the speed of light, but the maxima in E and
S move significantly slower.

Figure 3 plots the transverse and longitudinal pressures
at z = 0 and z = 3/µ, as a function of time. At z = 0,
the pressures increase dramatically during the collision,
resulting in a system which is very anisotropic and far
from equilibrium. At v = �0.23/µ, where Pk has its
maximum, it is roughly 5 times larger than P?. At late
times, the pressures asymptotically approach each other.
At z = 3/µ, the outgoing maximum in the energy density
is located near v = 4/µ. There, Pk is more than 3 times
larger than P?.

The fluid/gravity correspondence [17] implies that at
su�ciently late times the evolution of Tµ⌫ will be de-
scribed by hydrodynamics. To test the validly of hydro-
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longitudinal coordinate z.
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ticular, the two receding maxima are moving outwards at
less than the speed of light. To elaborate on this point,
Figure 2 shows a contour plot of the energy flux S for
positive v and z. The dashed curve shows the location
of the maximum of the energy flux. The inverse slope
of this curve, equal to the outward speed of the maxi-
mum, is V = 0.86 at late times. The solid line shows the
point beyond which S/µ4 < 10�4, and has slope 1. Ev-
idently, the leading disturbance from the collision moves
outwards at the speed of light, but the maxima in E and
S move significantly slower.

Figure 3 plots the transverse and longitudinal pressures
at z = 0 and z = 3/µ, as a function of time. At z = 0,
the pressures increase dramatically during the collision,
resulting in a system which is very anisotropic and far
from equilibrium. At v = �0.23/µ, where Pk has its
maximum, it is roughly 5 times larger than P?. At late
times, the pressures asymptotically approach each other.
At z = 3/µ, the outgoing maximum in the energy density
is located near v = 4/µ. There, Pk is more than 3 times
larger than P?.

The fluid/gravity correspondence [17] implies that at
su�ciently late times the evolution of Tµ⌫ will be de-
scribed by hydrodynamics. To test the validly of hydro-

Lessons from gauge/gravity duality

Thermalization time naturally short teq~1/T

Hydrodynamization ≠ thermalization, isotropization

Colliding shocks in AdS

Chesler & Yaffe

hTµ⌫i =
N2

c

2⇡2
diag[✏, Pk(t), P?(t), P?(t)]



Thermalization processes
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Top down scenario
Strong coupling 

UV modes thermals first

Bottom up scenario
Weak coupling

Scattering processes 

In the early stages many soft gluons are 
emitted which then thermalise the system  
(Baier et al (2001))

Driven by instabilities 

Instabilities isotropize the momentum 
distributions more rapidly than scattering 
processes  
(Kurkela, Moore (2011))
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FIG. 21. (color online) Evolution in the occupancy–
anisotropy plane. Indicated are the thermalization sce-
narios proposed in (BMSS) [2], (BD) [46], (KM) [49] and
(BGLMV) [50]. The blue lines show the results of classical-
statistical lattice simulations for di↵erent initial conditions.
One clearly observes the attractor property of the BMSS so-
lution.

Again, this result is in excellent agreement with the
analytic discussion of the BMSS kinetic equation in the
high-occupancy regime.

By extrapolating our results to later times, we can also
estimate the time scale to enter the quantum regime,
where the characteristic occupancies become of order
unity. Since initially the occupancy is parametrically
given by nHard(⌧0) ⇠ ↵�1

s , and subsequently decreases
as nHard(⌧) / (Q⌧)�2/3, this leads to the estimate

⌧Quantum ⇠ Q�1↵�3/2
s (112)

in accordance with the original bottom up thermaliza-

tion scenario [2]. In the quantum regime Q⌧ & ↵�3/2
s ,

the classical-statistical framework can no longer be ap-
plied and modifications of the above kinetic equations
need to be considered. While di↵erent scenarios of how
thermalization is completed in the quantum regime have
been developed based on kinetic descriptions [2, 49], it is
an outstanding open question how to address the quan-
tum dynamics in non-Abelian gauge theories from first
principle simulations.

I. Quo vadis, thermalization?

In the previous subsections, we established the exis-
tence of a non-thermal attractor at weak coupling. We

observed that, for a wide range of initial conditions, the
spacetime evolution of the plasma displays the same scal-
ing behavior. While the emergence of a universal attrac-
tor far from equilibrium is remarkable, the question

a) How relevant are details of the initial conditions for
the dynamics of the thermalization process?

– in particular at larger values of the coupling – clearly
requires a more careful assessment and will be addressed
below. The universal scaling solution is consistent with
the bottom up thermalization scenario, where neither
isotropization nor thermalization are realized in the clas-
sical regime. On the contrary, the system becomes in-
creasingly anisotropic and the obvious conceptual ques-
tion related to this behavior is

b) Does the system isotropize and thermalize at all in
a dynamical regime where the QCD coupling is still
weak?

In view of the standard paradigm that the quark-gluon
plasma can be described in terms of hydrodynamics it is
also interesting to ask

c) Can the system still be described by hydrodynam-
ics even if neither isotropization nor thermalization
is achieved?

From the practical point of view, if the answers to b)
and c) are negative, one might be tempted to conclude
that weak coupling is not relevant for an understanding
of heavy ion collisions even at the highest LHC energies.

1. Conceptual issues

Let us first address the conceptual issues and turn
subsequently to their phenomenological consequences.
In the BMSS scenario, inelastic 2 $ 3 processes begin
to play a big role beyond the estimated time scale

⌧Quantum ⇠ Q�1↵�3/2
s where classical dynamics fails

to describe the evolution. These isotropize the bulk of

the system on a parametric time scale ⇠ Q�1↵�5/2
s .

Complete equilibration is achieved quite rapidly there-
after – the system thermalizes on the time scale

⇠ Q�1↵�13/5
s [2]. We take this as a “proof of principle”

demonstration that thermalization can indeed occur in
the quantum regime. Similar conclusions have been
reached in di↵erent thermalization scenarios, where
isotropization and subsequent thermalization also occur
only in the quantum regime [49].

Concerning the dependence on the initial conditions,
a closer look at the classical-statistical dynamics reveals
that the non-universal amplitudes are indeed sensitive
to transient features of the evolution, such as the initial
occupancy n0 and the initial anisotropy ⇠0. For instance
one finds that in the BMSS scenario – considering elastic
scattering and free streaming only – the longitudinal

(Berges et al.)



Quasinormal modes 

Characterize the response of the system to inf. perturbations
Dispersion relation of field excitations  

Reveal a striking difference between weak and strong coupling

Weak coupling

Long lived quasiparticles:  
 
      

Bottom up thermalization  
(Baier et al 2001)

Strong coupling 

No quasiparticle  picture, infinite 
tower QNM 

Thermalization always top down 

Im(!n) ⌧ Re(!n)



QNM at infinite coupling

Pole structure of EM current-current correlator displays usual 
quasinormal mode spectrum at infinite coupling  

How does the QNM spectrum get modified at finite coupling?

Results Photons beyond the � = 1 limit

Quasinormal mode spectrum at finite coupling
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Well known fact: At � = 1, N = 4 SYM doesn’t have a quasiparticle
spectrum !

n

(k) = E

n

(k) + i�
n

(k), �
n

⌧ E

n

. Instead, solving for poles
of retarded equilibrium correlator reveals quasinormal mode spectrum

!̂
n

|
k=0 =

!
n

|
k=0

2⇡T

= n (±1 � i)

Aleksi Vuorinen (Bielefeld) Thermalization at intermediate coupling ECT⇤ , Trento, 19.6.2013 22 / 31

!n|q=0 = n(±1� i)

(Kovtun, Starinets)



QNM at finite coupling

Effect of decreasing coupling: Imaginary part increases, lowering the 
decay rate of the excitations ⇒ modes become longer - lived

Larger  impact on higher energetic modes

Convergence of strong coupling expansion not guaranteed when shift is of 
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Far from equilibrium dynamics

AdS-bh

r = 1rhr = 0 rs

AdS

Thermalization from geometric probes:
Entanglement entropy and Wilson loop: always top down thermalization           

Danielsson, Keski-Vakkuri, 
Kruczenski (1999)The falling shell setup
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AdS
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Far from equilibrium dynamics

AdS-bh

r = 1rhr = 0 rs

AdS

Quasistatic approximation
Energy scale of interest >> characteristic time scale of shells motion

Danielsson, Keski-Vakkuri, 
Kruczenski (1999)The falling shell setup
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Photon  spectral density

spectral density for  for different virtualities

Out of equilibrium effect: oscillations around thermal value

As the shell approaches the horizon equilibrium is reached

virtuality

v =
!̂2 � q̂2

!̂2

parametrize q = c !̂

c=0.8

c=0

c=1
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0.0

0.2

0.4

0.6

0.8

1.0

wêT

cm
m

Nc2 Tw

natural quantity to study: spectral 
density:  �µ

µ = �2Im(⇧ret)µµ(k0)

Baier, Taanila, SS, Vuorinen (2012)



Relative deviation of spectral density

Usefull measure of out-of 
equilibriumness: Relative deviation of 
spectral density from thermal limit

R(!̂) =
�(!̂)� �th(!̂)

�th(!̂)

relative deviation R for different virtualities c=1, 0.8, 0

Top down thermalization: highly energetic modes are closer to equ. value

Highly virtual field modes thermalize first 
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Photon emission in equilibrium SYM plasma

Huot et al (2006) Hassanain, Schvellinger (2012)

Perturbative result
Increasing the coupling: slope at k=0 decreases, hydro peak 
broadens and moves right

Strong coupling result

Decreasing coupling from              : peak sharpens and moves left � = 1

Photon production 



Photon production rate at infinite coupling

photon production rate 

Enhancement of production rate

Hydro peak broadens and moves right

Apparently no dramatic observable signature  in off-equilibrium photon 
production
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Baier, SS, Taanila, Vuorinen (2012)



Combining the two allows to study thermalization at finite coupling!

Photon production rate at infinite coupling

photon production rate 

Enhancement of production rate

Hydro peak broadens and moves right

Apparently no dramatic observable signature  in off-equilibrium photon 
production
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Baier, SS, Taanila, Vuorinen (2012)



Photon production rate at intermediate coupling

Behaviour qualitatively similar to equilibrium case: in particular the result is much less 
sensitive to finite coupling corrections than QNM spectrum
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emission  rate for photons  rs/rh=1.01 and 

Steineder, SS, Vuorinen (2013)



Thermalization at finite coupling

                      R for � = 1, 500, 300

Relative deviation from thermal limit for on shell photons
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                         R for � = 150, 100, 75

Behaviour of relative deviation changes at large frequency
UV modes are no longer first to thermalize
Decreasing the coupling: change happens at lower frequency



Thermalization at finite coupling

Virtuality dependence of the  
relative deviation 

20 40 60 80 100
-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

wêT

R¶

R for rs/rh=1.1 and c=1, 0.8, 0 for 

For maximally virtual photons (c=0), R approaches a constant at 
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Indication that thermalization pattern changes from top-down towards bottom-up
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2

⌧ , the corresponding line-element ds

2 turns out to be
⇠-independent (boost-invariant) and can be transformed
into the form

ds

2

= �Ad⌧

2

+ ⌃

2

�
e

�B�C

d⇠

2

+ e

B

d⇢

2

+ e

C

d✓

2

�

+2drd⌧ + 2Fd⇢d⌧ , (4)

where all functions depend on ⌧ , ⇢ and the fifth AdS
spacetime dimension r only. The space boundary is
located at r ! 1 where the induced metric becomes
g

µ⌫

= diag(g

⌧⌧

, g

⇢⇢

, g

✓✓

, g

⇠⇠

) = diag(�1, 1, ⇢

2

, ⌧

2

), which
has coordinate singularities at ⌧ = 0 and ⇢ = 0. The met-
ric can be expanded near the boundary, e.g. B(r, ⌧, ⇢) =

B

0

(r, ⌧, ⇢) +

P1
i=0

b

i

(⌧, ⇢)r

�i, with B

0

given by the vac-
uum value. The early time result (3) fixes the first few
near-boundary series coefficients, but does not fix the
metric functions deep in the bulk, leading to an unstable
time evolution. In order to have a stable time evolution,
we introduce a function with one bulk parameter � to
extend the metric functions to arbitrary r, specifically
choosing

B(r, ⌧, ⇢) ! B

0

(r, ⌧, ⇢) +

6X

i=0

b

i

(⌧, ⇢)r

�i

1 + �

7

r

�7

, (5)

and analogously for C. With the near-boundary coef-
ficients fixed by Eq. (3) at a time ⌧

init

and choosing a
value for �, the future metric is completely determined
and is obtained by numerically solving Einstein equations
adopting a pseudo-spectral method based on [12–14][23]

From the metric we can extract the full T

µ⌫ and in
particular observe the transition from early-time, far-
from equilibrium dynamics to a fluid described by viscous
hydrodynamics. At some value of proper time ⌧

hydro

,
we stop the evolution using Einstein equations and ex-
tract ✏, u

µ

,⇡

µ⌫ from Eq. (2). These functions provide
the initial conditions for the well-tested relativistic vis-
cous hydrodynamic code vh2 (version 1.0) [10], which
uses an EoS inspired by lattice QCD and has, for sim-
plicity, ⌘/s = 1

4⇡

. Since this EoS differs from the confor-
mal EoS of our AdS model there will be a discontinuity
in the pressure. At high temperatures, however, QCD
is approximately conformal and in our simulations the
discontinuity at the center was never more than 15%.

The hydrodynamic code simulates the evolution from
⌧ = ⌧

hydro

until the last fluid cell has cooled down be-
low T

sw

= 0.17 GeV. The hydrodynamic variables along
the hypersurface defined by T = T

sw

are stored and
converted into particle spectra using the technique from
Ref. [15]. The subsequent particle scattering is treated
using a hadron cascade [16] for resonances with masses
up to 2.2 GeV by simulating 500 Monte-Carlo generated
events. Once the particles have stopped interacting, and
particles unstable under the strong force have decayed,
light particle transverse momentum spectra are analyzed
and can be compared to data.

FIG. 1. Assuming (2) applied, a “pseudo” temperature (de-
fined by using Eq. (2) with ✏ = ✏(T

pseudo

)) and radial velocity
v⇢ are extracted for a representative simulation. The plot
illustrates four physical tools used: i) early time expansion,
ii) numerical AdS evolution, iii) viscous hydrodynamics until
T = 0.17GeV, iv) kinetic theory after conversion into parti-
cles (indicated by arrows). The (white) region close to ⌧ ⇠ 0.2
fm/c, ⇢ ⇠ 5 fm indicates a far-from-equilibrium domain where
a local rest frame cannot be found.

From the hydrodynamic evolution onward our model
uses techniques and parameters which are fairly stan-
dard. The initial conditions for hydrodynamics, however,
are now determined using a far-from-equilibrium evolu-
tion. We modeled this phase as a strongly coupled CFT,
described by gravity in AdS. This introduces new param-
eters and functions, namely the initialization time ⌧

init

,
the normalization ✏

0

, the bulk function with parameter
� and the AdS/hydro switching time ⌧

hydro

. We will ex-
plore the effects of changing these parameters below.
3. Results. Matching our numerical relativity, viscous
hydrodynamics and hadron cascade simulations onto one
another we obtain the time-evolution of the energy den-
sity for Pb�Pb collisions at

p
s = 2.76 TeV (see Fig. 1).

The results depend on our choices of ✏
0

, ⌧

init

and �, which
are all parameters that in principle could be fixed by
a more complete calculation. Requiring that for con-
stant ⌧

init

and � our dN/dY matches the experimen-
tal value fixes ✏

0

. Different combinations of ⌧
init

and �

will have similar late-time energy densities (cf. Fig. 2),
but originate from different early-time histories and the
pre-equilibrium evolution reported in Figs. 2,4 should be
considered uncertain. However, we find that for fixed
dN/dY also the late time radial flow velocity and fi-
nal light hadron spectra are essentially unaffected by our
choice of ⌧

init

or � (see Figs. 2–6).
This is evident when comparing the resulting hydro-

dynamic radial velocity at ⌧ = 1 fm/c shown in Fig. 3.
Different values for ⌧

init

, ⌧

hydro

and � collapse onto an ap-
proximately universal velocity profile. Because the sub-
sequent evolution follows hydrodynamics, this is also true
for the velocity profile for all later times. We therefore

1. Early time expansion

2. AdS/CFT

3. Viscous hydro 

4. Kinetic theory

van der Schee, Romatschke, Pratt (2014)

Towards the full evolution
combing AdS/CFT with Hydro and kinetic theory
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Towards the full evolution
combing AdS/CFT with Hydro and kinetic theory 4
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FIG. 5. Final dN/dY and pion hpT i as a function of the
hydro switching time ⌧

hydro

for a single value of �, ⌧
init

(AdS+hydro+cascade) compared to experimental data (“AL-
ICE”). AdS results seem to be independent of ⌧

hydro

provided
that ⌧

hydro

> 0.5 fm/c. By contrast, results for FS models
with ⌧

init

= 0.05 fm/c exhibit strong ⌧
hydro

dependence. Er-
ror bars correspond to accumulated numerical error.

one can switch to hydrodynamics at some time ⌧

hydro

.
Fig. 5 shows the dependence of the final multiplic-

ity and pion mean transverse momentum on the hydro
switching time ⌧

hydro

for the AdS and FS models. For
the final stage hadron cascade only hydro information
for ⌧ > 1 fm/c is used. Fig. 5 indicates that final
dN/dY, hp

T

i in our AdS model are constant, provided one
switches to hydrodynamics after the far-from-equilibrium
regime has ended (at about ⌧ ⇡ 0.5 fm/c). This suggests
that our model reaches hydrodynamics dynamically and
hence results are insensitive to the choice of ⌧

hydro

. In
contrast, for the FS and ZF models hp

T

i depends on
⌧

hydro

, which hence only reproduces the data for a spe-
cific choice. Thus, while not ruled out by data, the FS
and ZF models are less predictive than the AdS model.

However, Fig. 5 demonstrates that FS leads to ra-
dial flow. Hence findings of radial flow in p + Pb and
d + Au systems [17–19] may not necessarily indicate
strongly coupled matter. To discriminate between weak
and strong coupling one may use angular correlations
which are not built up in FS [20].

In Fig. 6 we show the results for the final pion and
kaon transverse momentum spectra in comparison to
data for central Pb + Pb collisions at

p
s = 2.76 TeV

from the ALICE experiment [21]. The integral over the
momentum spectra corresponds to the total multiplicity
which we fixed by hand. However, Fig. 6 shows that our
AdS+hydro+cascade model matches the shape of the ex-
perimental data almost perfectly up to the highest trans-
verse energies measured, independent of our choices for
⌧

init

, ⌧

hydro

,�.
5. Conclusions and discussion.
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FIG. 6. Pion and Kaon momentum spectra for 0-5% most
central Pb + Pb collisions at

p
s = 2.76 TeV. Experimen-

tal measurements (ALICE, Ref. [21]) are compared to our
AdS+hydro+cascade model (lines correspond to different
choices of ✏

0

,�), the ZF and FS model initialized from Eq. (1)
followed by hydro at ⌧

hydro

= 1 fm/c.

In this work we have presented the first fully dynami-
cal multi-physics simulation of central nuclear collision
at LHC energies. This simulation includes a simula-
tion of the equilibration of the bulk of the system us-
ing the AdS/CFT correspondence. When normalized to
the same multiplicity, our framework is approximately
insensitive to the AdS initialization time ⌧

init

, the choice
of bulk parameter � and the AdS/hydro switching time
⌧

hydro

, provided the switching occurs later than ⇠ 0.5

fm/c. This is in contrast to non-thermalizing models such
as FS+hydro+cascade where results depend on choices
for ⌧

init

, ⌧

hydro

.
Because of the dynamical treatment of the pre-

equilibrium stage and the insensitivity to our free pa-
rameters, our model is more constrained than a standard
hydro+cascade model. In particular, we find that the
transverse pressure is consistently higher than the longi-
tudinal pressure, during most of the evolution (Fig. 4).
Very encouragingly, the model turns out to have light
particle spectra in excellent agreement with experimen-
tal data for Pb+ Pb collisions at

p
s = 2.76 TeV.

We regard this work as the first step towards a truly re-
alistic simulation of high energy nuclear collisions. Many
aspects of our work can and should be improved in fu-
ture work. For instance, we plan to do away with the bulk
parameter � by simulating the full shock-wave collision
process (cf. [7]) and simulate event-by-event non-central
collisions by employing recent development in black-hole
evolution schemes [22].
Acknowledgments. This work was supported by the
U.S. Department of Energy Office of Science through
grant number DE-FG02-03ER41259 and award No. de-

van der Schee, Romatschke, 
Pratt (2014)

1. Early time expansion

2. AdS/CFT

3. Viscous hydro 

4. Kinetic theory
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Hybrid approach
Combine perturbative field theory with AdS/CFT

Couple hard and soft sector s.t. they can exchange energy

Initial conditions are fixed by field theory  

Iancu, Mukhopadhyay (2014)
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Hybrid approach
Combine perturbative field theory with AdS/CFT

Couple hard and soft sector s.t. they can exchange energy

Initial conditions are fixed by field theory  

Iancu, Mukhopadhyay (2014)

Preliminary results
Proof of principle: Algorithm converges 

Energy exchange from the hard to the soft sector

Preis, Rebhan, SS
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Rather new field in AdS/CFT now termed AdS/CMT 

Motivation 
High Tc superconductors and 
explain the phase diagram

Phase transition is driven by 
quantum fluctuations

QCP are often described by 
conformal field theories 

4

t ! �zt and x ! �x. Di↵erent z occur in di↵erent condensed matter systems. For example,
z = 1 is common for spin systems, and we will see an example of such a system shortly. The
case z = 1 is special because the quantum critical system typically has a Lorentz symmetry and
the scaling becomes a part of a larger conformal symmetry group SO(d + 1, 2) for a system in d

spatial dimensions. These lectures will focus mostly on the z = 1 case because it is here that the
AdS/CFT dictionary is most powerful and well developed. Another common and familiar value
is z = 2. The free Schrödinger equation is invariant under z = 2 scalings, but there are other
examples as well, e.g. Lifshitz theories. Generic, non-integer z are possible.

Figure 1 shows a prototypical phase diagram for a system that undergoes a quantum phase
transition. Here the physical parameter is a coupling g, and the quantum phase transition occurs
at g = g

c

and T = 0. At low temperatures, we imagine the system is in one of two phases
well characterized by some order parameter(s). The solid blue lines in the phase diagram could
be classical thermal phase transitions or softer cross-overs, depending on the dimensionality and
nature of the system. The region between the dashed black lines is the quantum critical region
(QCR).

phase 2

T

g gc

QCR

phase 1

FIG. 1: A typical phase diagram involving a second order quantum critical point.

The usefulness of the notion of a quantum phase transition lies in a wished for ability to
understand the system in the QCR. The QCR is characterized by the requirement that T be large
compared to the dimensionally appropriate power of (g�g

c

). It seems reasonable to expect that the
e↵ective scale invariant field theory valid at the critical point, now generalized to nonzero T , can be
used to predict the behavior of the system in the QCR. (We can generalize this discussion, replacing
T with some other external parameter or set of parameters — chemical potential, magnetic field,
etc.)

Herzog (2008)
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Quantum quenches 
Prepare the system in some ground state 
and change one parameter instantaneously 
and let the system evolve

Does the system thermalize?

What is the thermalization time?

Useful probes 
Correlation functions

Entaglement entropy

Quantum revivals, 
Greiner et al (2002) 
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Definition 
Split a system into two parts, a subsystem of interest A and the rest B

Nonlocal quantity
Observables in A (e.g. correlation functions) are determined by the reduced density 
matrix

Von Neuman entropy of subsystem A

SEE(⇢) = �TrA(⇢A log ⇢A)

⇢A = TrB⇢

A
B
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Properties
Serves as an order parameter in condensed matter systems

Prop. to the degrees of freedom

measure for quantum information

Prop. to the area of the entangling surface

Measure for entropy production in HIC ?

Definition 
Split a system into two parts, a subsystem of interest A and the rest B

Nonlocal quantity
Observables in A (e.g. correlation functions) are determined by the reduced density 
matrix

Von Neuman entropy of subsystem A

SEE(⇢) = �TrA(⇢A log ⇢A)

⇢A = TrB⇢

A
B
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The gravity story
The EE is conjectured to be given by extremal surfaces  

S
EE

=
A

ext

4G
N

Holographic entanglement entropy

In QFT with a holographic dual the entanglement entropy can be
computed from extremal surfaces in the gravity theory.

Ryu-Takayanagi proposal: SA = OA(t)
4GN

y

xi

z

@AdSd

AdSd
t = const.

geodesic
of length L(R , t)

extr. surface
of area OA(t)

AR

S. Ryu, T. Takayanagi, hep-th/0603001

Christian Ecker Numerical Holography

Easy to calculate 
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EE for different equations of state p = c E

1. Quadratic part:

2.  Linear part:
Sren = �t2
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-0.3

-0.2

-0.1

0.0

t

Sren 2

1

Sren = AseqvEt

Keranen, Nishimura, SS, Taanila, Vuorinen (2014)

Collapsing shell model serves as a 
simple toy model for a thermal 
quench
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EE for different equations of state p = c E

Quasistatic  approximation:
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Keranen, Nishimura, SS, Taanila, 
Vuorinen (2014)
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EE in anisotropic backgrounds
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Chesler, Yaffe (2008)

Homogeneous isotropization: the beginner problem

Spatial homogeneous, rotational symmetric in transverse plane, but allows for
time dependent pressure anisotropy.

Line element: ds2 = 2drdt � A(r , t)dt2 + ⌃(r , t)2
�
e�2B(r ,t)dx2k + eB(r ,t)d~x2?

�

Energy momentum tensor: hTµ⌫i = N2
c

2⇡2diag[✏,Pk(t),P?(t),P?(t)]

P. Chesler, L. Ya↵e, 0812.2053

Christian Ecker Numerical Holography

Towards more realistic problems
Solve full time dependent Einstein equations



EE in anisotropic backgrounds
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Grumiller, Ecker, SS

Spacelike geodesics anchored to the boundary of the
anisotropic AdS5 geometry

Geodesic equation as two-point boundary value problem (2PBVP):

Ẍµ(⌧) + �µ↵�Ẋ
↵(⌧)Ẋ �(⌧) = 0, BCs : Xµ(±1) =

 
V (±1)
Z(±1)
X (±1)

!
=

 
t0
0

±L/2

!

Christian Ecker Numerical Holography

Towards more realistic problems
A glance behind the horizon 
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AdS/CFT is a very useful playground to study strongly coupled 
field theories 

Particular useful in studying time dependent problems 

Has already led to fruitful insights 

Only the tip of the iceberg has been touched 

A lot of fun to play around 

Where the field is heading only time and more work can tell


